Kinetic Theory of Gases

Kinetic Theory of Gases

The kinetic theory of gases attempts to explain the
microscopic properties of a gas in terms of the motion of its
molecules. The gas is assumed to consist of a large number of
identical, discrete particles called molecules, a molecule being the
smallest unit having the same chemical properties as the
substance. Elements of kinetic theory were developed by
Maxwell, Boltzmann and Clausius between 1860-1880’s. Kinetic
theories are available for gas, solid as well as liquid. However this
chapter deals with kinetic theory of gases only.

Postulates of Kkinetic theory of gases

1) Any gas consist large number of molecules. These molecules
are identical, perfectly elastic and hard sphere.

2) Gas molecules do not have preferred direction of motion, their
motion is completely random.

3) Gas molecules travels in straight line.

4) The time interval of collision between any two gas molecules
is very small.

5) The collision between gas molecules and the walls of
container is perfectly elastic. It means kinetic energy and
momentum in such collision is conserved.

6) The motion of gas molecules is governed by Newton's laws of
motion.

7) The effect of gravity on the motion of gas molecules is
negligible.
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Maxwell’s law of distribution of velocities

This law is to find the number of molecules which have a
velocity within small interval (ie. c to ¢ + dc).

For deriving this equation Maxwell did following assumptions.

a) Speed of gas molecules ranges from zero to infinity.

b) In the steady state, the density of gas remains constant.

c) Though the speed of the individual molecule changes,
definite number of gas molecules have speed between
definite range.

Consider a gas containing N number of molecules having
velocity c and its X, Y and Z components are u, vand w
respectively. From the probability theory, the probability of
molecules having velocity component u tou + du is f(u)du
similarly the probability of molecules having velocity component
vtov +dvis f(v)dv and the probability of molecules having
velocity component w to w + dw is f(w)dw. Thus the number of
molecules whose velocity lies between u to +du , v to v + dv and
w tow + dw is given by

dN = N f(u)du f(v)dv f(w)dw

dN =N f(u) f(v) f(w) dudvdw ......(1)

v If velocity components u,v and w
- along the three axis. The space formed
is called as the velocity space. A
molecule having velocity components
u,v,w be represented by a point p. Let

the small volume du dvdw around p

plu, i,

dv dz
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contains dN number of molecules. Thus molecules have a resultant
velocity c is given by

c? =u?+v?+w?

Differentiating on both side, we get

0=2udu+2vdv+2wdw “ ¢ = constant
csudut+vdv+wdw =0 ..........(2)

The probability density f(u) f(v) f(w) should depend only
on the magnitude but not the direction of c.

2 f) F) f(w) = f(c?)  (where f(c?) is function of c2)
Differentiating on both side, we get

dlf(w) f(v) f(w)] =0 v ¢? = constant
frduf)f(w) + f') dvf(w)fw) + f'w)dwf(w)f(v) =0
Dividing above equation by f(w) f(v) f(w), we get

@) ') f'w)
u+ dv + dw=0 .......... 3
) W ©
Multiplying the equation (2) by an arbitrary constant (f3)
and adding to equation (3), we get

f'w) f'@) f'w)
[f( +,Bld +m+ﬁld +—+,Bl

As du, dv & dw can not be zero independently, so we get
f'(w) B f'@) _ f'(w) B
faw PP T TR0 Ty A0
O
faw - P
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Integrating wrt u, we get

1
log f(u) = ) pu? +loga
(Where log a is integration constant )

Taking antilog on both side, we get

—l,b’uz bu? 1
f(u) =ae 2 =ae "% (Where, b = —3 B = constant)

Similarly, f(v) = ae " & f(w) = ae™ "V’
Substituting f(uw), f(v) & f(w) ineq (1), we get
dN = N (ae™"*") (ae ") (ae™""*) du dv dw
dN = Na?® e (@ +7* W) gy dy dw

s et =ut 4+ v 4+ w?

dN = Na® e "“dudvdw ...... (4)

In this equation constant a and b is found to be

a= /2 po and b = where m is the mass of the gas particle,
k is Boltzmann constant and T is temperature of gas

Then equation (4) becomes

3
mc?

dN =N (=) e 2 dudv dw ... .. (5)

0kT)

This is one form of Maxwell’s law of distribution of
velocities.
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The number of molecules lies
within box of volume du dv dw whose
velocity lies within ¢ to ¢ + dc is the
same as number of molecules within
the spherical shell of inner radius ¢ and
outer radius c+ dc. Hence volume
du dv dw can be replaced volume of the
shell 4mc?dc. Therefore equation (5)

becomes

The above equation is called as Maxwell’s equation of
distribution of velocity which gives the value of number
molecules dN having velocity c to ¢ + dc.

Mean or Average velocity (C,,)

The average speed is the sum of all the velocities ranging
from 0 to oo divided by total number of molecules N.

: J, dN X ¢
T TN

Substituting the value of dN in in above equation

- 3 mc?
Iy <47rN (sp)” € 2T c2dc> Xc

N

Cov =
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3 o
b\2
Cop = 41 (;) f e be* 3de
0
1 . —bc? .3 =L
.fe c>dc h?
0
Where b = —
(Where ~ 2kT
3
b\z 1
o = 47 (2) 35
4
Cop = %
. C —_ 4
“rtav T T my
()
8kT
Cav_ %

Where m is the mass of gas molecule. If M is molecular

weight which can be given by M = mN,. Thenm = Nﬂ Therefore
A

the above equation becomes.

©
=
hﬂ

Cov =

()

3
S|
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L 8KN,T
e | M
8RT
“Cav = |o3r kN, = R

Root Mean Square Velocity (C,.s)

The rms speed is the square root of the sum of all the
squared velocities ranging from 0 to oo divided by total number of
molecules N.

J, dN X c?
“ Crms = N

Substituting the value of dN in in above equation

5 _me
f 4nN(2nkT) e 2kT c2dc | X c?

Crms = N
% r _mc?
Crms = 27‘[kT f e 2kT c*dc
0
3
E

[e0]
= f ~be? c4dc
0

m
(Where b = KT
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j%

I M . .
Substituting m = ~ in above equation. We get
A

[
oy

Crms =

E
Cav - (ﬂ)
Ny
3kN,T
o Cgp = M
3RT
Cav = 7 kNA =R

Most Probable Velocity (Cp,.)

The most probable velocity is the velocity possessed by
maximum number of molecules. For this condition is,
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d[dN]
=0
dc
d m > _me
z _mc”
o— 2kT 2 =
70 <4TL’N (anT) e c dc) 0

m%d ‘ZLTCTZZd _o
47TN( )%e c“dc | =

3
m \2 mc? 2mc mc?
4-7'[N( )2 ( e  2kT [2c] + [— ZkT] e 2kT cz> =0

47TN( mT)% e_;nTCTZ(Zc— [% c2)=0

I M . .
Substituting m = ~-in above equation. We get
A
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2kT
Cav = 17313
(%)
2kN,T
o Coy = M
2RT
Cav = 7 kNA =R

Relation between Cp,., Cypy & Copps

2RT |8RT 3RT
Cpr $Cqp ¢ Crms = M : ™ : M

8
=\/§: —_— \/§
T
2 3
=1: —: |[=
NGV
=1:1.128: 1.228

Mean free path

Mean free path of gas molecules is defined as the average
distance travelled by a molecule between two successive

collisions.
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Expression for mean free path

Consider a gas in
container having n molecules
per unit volume. Let d be the
diameter of molecule (A)
which is assumed to be in
motion, while all other
molecules are at rest. The
molecule A collides with
other molecules like B and C
whose centres are at distance
d from the centre of molecule
A as shown in the figure. If molecule moves a distance L with
velocity v in time t, then this molecule collides with all molecules
lying inside a cylinder of volume T d?L.

No. of collisions suffered = No. molecules in the cylinder
by molecule A of volume Tt d?L
= No. of molecules per unit volume
X Volume of cylinder
= nXmd’L
= ntnd’L
Now mean free path of molecule is given by A,

Total distance travelled in time t

No. of collisions suf ferd

L
 mnd?L
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vt v

also, A = (D

nnd?vt mwnd?v

where 7 is average velocity of all particles.

Clausius Method

Clausius derived the mean free path by considering the
relative velocities of gas molecules to find average velocity.

Consider two molecules are
moving with velocities v; and v, and 6

. be the angle between them .Then
L relative v, is given by,

U, = /U124 1,2 — 21,1, cos 6 ... (1)

If dng is the number of molecules per unit volume in
between 0 to 6 + df with a given direction the average relative
velocity v, is given by

v.dn
7. = fr_e .(2)
n
From eqr (1), we get
f(\/vlz + v,2 — 2V, v, cos H)dng
7. =

n
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To find the expression for
dng , imagine a sphere of radius r
and n be the number of molecules
’ lying in sphere again drawing two
' cones with semi vertical angle 8 &
6 + dO then number of molecules
lying in this region is dng.

n a areaof sphere
dng a areaof zone between 6 to 8 + df

_dng _ areaof zone between 6 to 0 + d6

n area of sphere

B 2nr sin@ rd@
B 4rrr?

—1 in6 do
_ESIH

1
dng = Ensin@ do ..........(3)

Substituting dng in equation (3), we get

[v12 + v,2 — 2v,v, cos 6 (111 sin @ dH)

I 2

" n

_ 1 [Jvi®+v,2—2vv,cos0sinf do
Uy = En n
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1
Uy =§f\/v12 + v,2 — 2v,v,cos @sin 6 do

_ 1 31"

U= (3171172 (v12 + v,% — 2v,v, cos 0)2]0)

U = [(171 +v,% + 2171172)2 — (112 + vy2 - 2v,1,)2 ]
6v1v2

Uy = 6v,v, [(vy + 172)3 — (v — 772)3]

— 1 3 3 2 2

vy = v, [(v° + vy° + 3v,%v, + 3v,1,7)

— (v — v = 3v,%v, 4 3v,1,%)]

1
.= 21,3 + 6v,%v
T 6U1U2( 2 1 2)

1
v = Z(vz + 31,2 .. (4)

Since close gas molecules have almost same velocity.
Hence we can assume that v, = v; = v

v? + 3v?
B 3v

Substituting 7, in mean free path, 2. We get

v
mnd? (%v)
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_ 3
" 41 n d?

Maxwell Expression

Maxwell has derived the mean free path by considering
the probability of occurrence of the velocities gas molecules to
find average velocity.

Introducing probability occurrence v,, we get an
intermediate average relative velocity 7,

J," vdN,
vy = N

Where dN, is the number of molecules whose velocity ranging
from v, to v, + dv,

3

[ 7 4nN (%)2 e~bv2" 1,24y,

" Ty = —
3
2 o0
_ 4nN (g) Jy 7 e~bv2’ y,2dy,
. U = N
e
2
U =4m (E) f 7 e bve’ UzszZ
0
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. _ . . 243
Since v takes different values in for v; > v, (vz;Tvl)and vy, >

1
v (U12+3U22)
1 3172
3(C

~ b\2 v,%2 + 3v,2 ~
‘W:“&)foa_‘eM”ﬁM

0
/2 2
+ f <m> e_bvzz vzzdvz
3v,
C1

Introducing the probabilities of occurrence of v; , we get the final
average v, for relative velocity
3
2

_ b\2
%=“§)

— _ 2
7, e b1y 2dy,

3 oo Cc1

f v,% + 3v
J 4m J < 2 ! ) e~bv2® . 2dy,
0 0

2 2
v+ 3v
+ J <#) e 02" v, 2dv, t| e7P1" v, 2dv,
C1 2
3 2[5, 2 2
16b v,% 4+ 3v
| f(lﬁviﬁgmf”%%
o L\o 1
X2 2
v+ 3v
+ J <%) e bv2’ y 2dp, | e P"? p 2dp,
C1 2
_ 16b3
S Uy = [J1 + /2]
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Where
* “ 2 2
v,“ + 3v
]1 :J. J. (%)e_bwz Uzzdvz e—bv12 Ulzdvl
%1
o \o
&
v:°+ 3v
I, —f f( ! 3 2 )e‘va v,2dv, e v 2dv,
U,
0 Cq

1
2 1 /m\2
=)= ﬁ(ﬁ)
16b3
Uy = [J1+)]
16b3 1,73
2
VU, = - [2 Sﬁ(ﬁ) ]
o 4 _ 8
E V2mh )
B 8
", = -
™ (277)
B 2X 8kT
i m
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8kT
By = |
mm
8kT
By = |
mm

o 172 = \/Ev
Where v is the average velocity of molecule having mass m

Therefore the mean free path, 4 becomes

v
PP —
mnd?(vV2v)
1
 V2mnd?

Brownian Motion

Botanist Brown observed under a high power microscope
that when pollen grains suspended in liquid were moving rapidly
and constantly in random fashion in all direction. This irregular
motion of particles suspended in liquid is called Brownian
motion.

Salient features of Brownian motion

i) The motion is continuous, irregular and random,

ii) The motion is independent of mechanical vibration.

iii) The smaller the size of the particle, greater is the motion and
vice-versa.
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iv) The lower is the viscosity of the liquid, greater is the motion
and vice-versa.

v) The higher is the temperature, greater is the motion and vice-
versa.

Einstein’s theory of Brownian motion
Brownian motion is acted upon three kind of forces

1) The unbalanced force due to collision of unbalanced
molecules in the opposite direction.

2) The viscous drag which opposes the Brownian motion.

3) Force due to difference in the osmotic pressure( ie. due to
the difference in the concentration)

) _______;F\\
/

|

l'lnﬁ*q 1nAAl |

2 2’ | I|
|

v

AN

Imagine a cylinder with its axis along X axis whose surfaces P
and Q are separated by a distance A( A is root mean square
distance). Let A be the cross section area of the cylinder. Let n1
and n2 be the concentration of the particles per unit volume at the
surfaces P and Q respectively.

Imagine two more cylinders on both sides of P and Q as
shown in the figure.

The number of Brownian particles in the cylinder on the P
side=n;AA
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The number of Brownian particles crossing at P side
1
= E nlA A

The number of Brownian particles in the cylinder on the Q
side=n,A A
The number of Brownian particles crossing at Q side
1
= E nzA A
So the total number of particles crossing the middle section R

from left to right =% (ny—my)AA..(1)

3 By the definition of diffusion co-efficient, the number of

particles crossing the middle section R from left to right

. . - d . .
Where D= diffusion coefficient, -d—;l concentration grdient and

tis the time taken for diffusion.

From equation (1)&(2)

1 dn
E(n1 —ny,)AA=—-D—At

dx
Where(nl—n2)=—3—:A
: 1dnA2A Dd At
T 2dx  Tdx
AZ
~D=—...(3
7 3
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Let P1 and P2 be the osmotic pressure acting on the surfaces P
and Q respectively.

Then P; = kT & P, = nykT
~ Pressure dif ference = P, — P, = (ny — ny)kT

The force exerted due to this pressure difference

=(n, —n,)kTA

This force acts on all the particles in the cylinder PQ in which

. ni{tn
the number of particles, where n = =—=

(Tl1 - nz)kTA

o~ F i b h particle, F =
orce experience by each particle TAA

(ny —ny)kT

~F =
nA

. (ny —ny) _dn
' A T dx
kT dn

Simultaneously particle also experience viscous drag (stokes
law) , which is given by
F =6mrv.....(5)
Where 1 is the coefficient of viscosity
r is the radius of particles

v is the velocity of the particles
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From equation (4) & (5)

kT dn
F=— Y 6mnrv
nv kT
@ T 6mnr
dx

Where nv is number of particles moving from left to right

. . ' ' nv . . '
throgh unit area in unit time and hence —; gives diffusion
Tax

coefficient D

kT
Cemr

) .. (6)

From equation (3) & (6)

A? _ kT

2t 6mnr

.o k — R

k=

) A? _RT

2t 6mNnyr

L A% = ﬂ ‘
N 3mnr

The above equation is Einstein’s equation which gives the
value of square of rms displacement of Brownian particles.
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